We calculate the Kadowaki-Woods ratio (KWR) in Fermi liquids with arbitrary band structures. We find that, contrary to the single band case, the ratio is not generally independent of the effects of electronic correlations (universal). This is very surprising given the experimental findings of a near universal KWR in many multiband metals. We identify a limit where the universality of the ratio, which has been observed experimentally in many strongly correlated electron systems, is recovered. We discuss the KWR in Dirac semimetals in two and three dimensions. In the two-dimensional case we also generalize the KWR to account for the logarithmic factor in the self-energy. In both cases we find that the KWR is independent of correlations, but strongly dependent on the doping of the system: for massless fermions the KWR is proportional to the inverse square of the carrier density, whereas the KWR for systems with massive quasiparticles is proportional to the inverse of the carrier density.
KWR, which may provide an experimental signature of this factor in the self energy.
The remainder of this paper is laid out as follows. In the following section, we calculate the resistivity of an arbitrary multi-band Fermi liquid by calculating the conductivity from the Kubo formula of linear response. In Section III, we calculate the effect of multiple bands on the heat capacity. In Section IV, we combine these results to determine the form of the Kadowaki-Woods ratio in arbitrary band structuress. In Section V, we then apply this form for the KWR to simple models of Dirac semimetals in two and three dimensions.
II. CONDUCTIVITY FROM THE KUBO FORMULA
In general, the contribution to the intraband self-energy from interband terms scales quadratically with the intraband self-energy, such that, as long as the self-energy is small, the intraband contribution will dominate [45] . When intraband scattering is the dominant contribution to the scattering rate, the diagonal component of the conductivity tensor, σ xx , for a material with N b bands crossing the Fermi surface in the low temperature limit is [46] 
where Σãã (ω) = Σ 
where ... indicates an average over the Fermi surface. The conductivity is clearly then the sum, in series, of the conductivities of the individual bands:
where the bare density of states of bandã at the Fermi level is D 0;ã = (2π)
and σ xxã is the conductivity of due to spin-bandã. It immediately follows that, if interband scattering is neglected, the resistivities of the bands must add in parallel, consistent with Matthiessen's rule [1] .
The Quadratic Contribution to the Resistivity
To determine the explicit form of the conductivity in a Fermi liquid, we generalise a local (momentum-independent) phenomenological self-energy model proposed by Miyake, Matsuura and Varma, [11] to include multiple Fermi surfaces. We assume that in each band the self-energy takes the phenomenological form
where the energy ω is measured from the Fermi level, τ −1 0;ã is the impurity scattering rate, sã = nã/3πD 0;ã is the electron-electron scattering rate in the unitary limit [11, 13] (with nã the density of charge carriers in bandã), F (x) is a monotonically decreasing function with F (1) = 1 and F (∞) = 0 and ω * a is an energy scale characterising the strength of the many-body correlations (we will show below that Zã ≈ ω * a /4sã). This is the natural form for a local Fermi liquid provided interband interactions are weak compared to the intraband interactions. If the two are comparable (as in some multiorbital models) the self energy is proportional to N b − 1 [23] .
In the limit of vanishing impurity scattering, τ −1 0;ã → 0, the conductivity is then given by
After computing the energy integral, the N b -band A coefficient is
thus, we see that the coefficients of the individual bands, Aã, add in parallel.
III. THE HEAT CAPACITY VIA KRAMERS-KRONIG TRANSFORM
It follows from the extensivity of the heat capacity that, in a multi-band system, the total heat capacity is given by the sum in series of the heat capacity due to each individual band [1] ,
To determine how the heat capacity is influenced by interactions, and calculate the relevant γ coefficients, we need to first find the real part of the self-energy in each band. The Fermi liquid self-energy, being a causal response function in the time domain, satisfies the conditions for the Kramers-Kronig relations in the frequency domain [12] in particular lim
Knowledge of the form of the imaginary part of the self-energy is therefore sufficient to determine the real part, which appears in the definition of the quasiparticle weight and therefore in the expression for the heat capacity. The real part of the self-energy within each band is then
where we have again taken the limit of vanishing impurity scattering, and have restricted the pole of the integral, ω ′ = ω, to occur below the cut-off energy scale, |ω ′ | ≤ |ω * a | (i.e., only considered low-energy excitations). The first term in Eq. (8) contributes a logarithmic term to the result, which we approximate by the lowest order terms in a Taylor series expansion, while the second and third terms contribute linearly to the self-energy. Neglecting terms of order O (ω/ω * a )
3 and higher, we find that the real part of the self-energy for a low-energy quasiparticle in bandã is
where
it follows straightforwardly from the definition of F (y) that 1/2 ≤ ξ ≤ 1, henceforth we take ξ = 1 for simplicity. Inserting this expression for the real parts of the self-energies into the heat capacity expression Eq. (7), and taking the strong scattering (4s pã /πω * a ≫ 1) limit, which corresponds physically to m * ≫ m 0 , we obtain
Note that Eqs. (7) and (11) imply that ω * a ≈ 4sãZã = 4Zãnã/3πD 0;ã , which gives a straightforward interpretation of this energy scale.
IV. THE KADOWAKI-WOODS RATIO
Given the above calculations of A and γ for the multiple band system, Eqs. (6) and (11), we find that the KWR is given by
Alternatively, one may write
where we have defined the material specific function for an N b -band Fermi liquid with the resistivity measured in the x direction,
In the one-band limit, this expression simplifies to that calculated in Ref. 13 (with n ↑ = n ↓ = n/2 and
The inclusion of multiple Fermi surface sheets significantly complicates the form of f x;N b ({ω * a } , {nã}). Most importantly ω * a , which describes the electronic correlations, does not cancel out of the multiband expression as it does for the single band KWR [13] . Therefore, our calculation predicts that the Kadowaki-Woods ratio is not, in general, independent of electronic correlations. This is rather surprising as observed values of the KWR (including the values for many multiband systems) are in almost universal agreement with the prediction from the single band calculation, that electronic correlations do not influence the KWR [13] .
It is therefore important to ask how renormalization effects might cancel in the multiband case and hence universality might be recovered.
The simplest limiting case for which the effects of many-body correlations cancel out of the KWR is when ω * a is independent of the band index,ã. This is a straightforward extension of the earlier assumption of the locality of the self-energy, by assuming that it is independent of band index as well as momentum. This assumption yields
Though this calculation has been performed with exactly uniform correlation strengths for simplicity, the result will hold approximately while the correlation strengths are close to uniform.
Other limits do produce a universal KWR, for example, for free fermions in three dimensions D 0;b ∝ nb, then if the carrier density in one band is much larger than all others the correlations cancel from the KWR. But it seems unlikely that this is relevant the behaviour of a broad range range of materials. Note, in particular, that if we have a single heavy band it will dominate the heat capacity, but be shorted out of the resistivity. Therefore, the limit of a single heavy band is far from universal. Therefore, the above calculation seems to suggest the correlation strength (as measured by ω * a = 4Zãnã/3πD 0;ã ) does not vary strongly between different bands in strongly correlated systems. If, further, all of the bands are identical, i.e., if the carrier density n, the Fermi velocity v 2 0x , and density of states D 0 are equal for all bands, we have
and
Thus [23, 24] that in the multiorbital periodic Anderson model with N o impurity states the KWR is reduced by a factor of 1/N o (N o − 1). However, closer examination reveals that the results are actually very different. In particular Kontani's factor arises because of interorbital terms in the self energy whereas our 1/N 2 b factor arises purely from the electronic structure. We do not obtain Kontani's factor because of our assumption that interband interactions are irrelevant at low energies. In contrast the model Hamiltonian studied by Kontani [23] explicitly sets the intra-and inter-orbital interactions to the same strength. Which approach is appropriate will depend on the material. This therefore adds another layer of non-universality to the KWR.
V. DIRAC SEMIMETALS
The general expression, Eq. (13), can be applied to systems of arbitrary band structure to calculate the generalised Kadowaki-Woods ratio, taking into account the effects of multiple bands. Even for materials where the quasiparticle weight is similar for all bands such efforts will, in general, involve first principles band structure calculations. In this section, we calculate the KWR for a simple, linear dispersion (ε kã = v F |k|) appropriate for Dirac semimetals. These models present analytically tractable and instructive examples of complicated band structures for which the presence of multiple bands is important (here, the number of bands may be taken as equivalent to the number of Dirac cones, as each cone will form a sheet in the Fermi surface). Furthermore, these materials are an example of materials where the different sheets of the Fermi surface where we expect the correlations to affect all bands equally and the low carrier density suggests that correlations will play an important role. We also determine an expression for the KWR in two dimensions, accounting for the logarithmic factor arising in the self-energy [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
A. 3D Dirac Semimetals
We first apply the KWR expression to a simple model of a two-band three-dimensional Dirac semimetal, e.g. Cd 3 As 2 , which possesses properties similar to doped graphene [35, 36] . The spatial symmetry between the two bands and the spin symmetry simplifies the calculation greatly; applying the expression for N b identical bands, Eq. (17), we find
wheref 3x,2 = 2n 2 /π 2 is the material specific function for a 3D Dirac semimetal and is larger by a factor of 4 than the corresponding f in a single-band calculation with the same dispersion. We note that the Kadowaki-Woods ratio for these materials depends straightforwardly on the electronic density, which is tunable via chemical doping [35, 36] , providing a potential experimental test of this expression.
B. Doped Graphene and the Self-Energy in Two Dimensions
In calculating Eq. (19), we utilised the form of self-energy given in Eq. (4), which implicitly assumes a threedimensional material. In two dimensions, the self-energy differs from the three dimensional case, with the inclusion of an additional logarithmic factor [2, [37] [38] [39] [40] [41] [42] [43] . In order to calculate the KWR for doped graphene, we introduce the following model for the imaginary part of the self-energy at low energies and temperatures for 2D systems
where Bã is a constant of order unity (for example the calculation in Ref. 41 gives Bã ≈ 1/π for graphene; but other calculations give slightly different results). We stress that, in the zero and high temperature (k B T ≫ ω) limits, Eq. (20) reproduces the known results for those limits [37, 40, 41] . We further assume that, above the relevant energy scale, ω * , the self-energy decreases monotonically, as in the 3D case. From this expression for imaginary part of the self-energy, we calculate the real part using the Kramers-Kronig transformation, and find that
where the logarithmic factor arises due to the requirement that the self-energy be continuous at ω = ω * . In defining the 2D KWR, we must account for the fact that the logarithmic contribution to the imaginary part of the self-energy (and scattering rate) results in a corresponding logarithmic factor in the resistivity, ρ = −ÃT 2 log (πk B T /Bω * ). The coefficient of this logarithmically adjusted quadratic term will be used in our expression. Calculating the conductivity from the Kubo formula gives
where, in evaluating the energy integral (see Eq. (5)), we have approximated the logarithmic contribution by its value at the Fermi surface. From the derivative of the real part of the self-energy, we find the value for the quasiparticle weight and therefore the linear coefficient of the heat capacity:
Defining the two-dimensional Kadowaki-Woods ratio asÃ/γ 2 we find
is the two-dimensional material specific function, which for graphene takes the form f 2x;2 (n) = 4f 2x;1 (n) = 2n 
Here the Kadowaki-Woods ratio again depends on the electron density in a straightforward manner, but differs from the previously derived expression (Eq. (19)) only by a factor of [log (B) + 1/2] 2 . Assuming B ≃ 1/π, this term more than doubles the expected Kadowaki-Woods ratio. Measuring the KWR of graphene presents a number of technical challenges, chiefly the difficulty of performing calorimetric measurements on a material of single atom thickness. It has been a long standing problem to observe the logarithmic factor in the resistivity of a two-dimensional Fermi liquid because it would require data over many orders of magnitude in temperature. However, observation of this correction offers a potential test of the dimensionality of the Fermi liquid self energy without the need to take data over multiple decades.
VI. CONCLUSIONS
We have shown that, in general, the Kadowaki-Woods ratio of a multiband local Fermi liquid is changed by electronic correlations. This is in marked contrast to the single band case, where the KWR is independent of the strength of the electronic correlations. It is therefore puzzling that the experimental data suggest the within classes of materials the KWR is remarkably consistent, and that the modified KWR is remarkably consistent across many chemically diverse strongly correlated metals. The simplest explanation is that the correlations are indeed very similar across all bands in these materials. We have also shown that a non-parabolic dispersion does not significantly alter the form of the KWR, provided the fermions remain massive.
In the case of uniform renormalization across bands, we have further demonstrated that R KW ∝ 1/nN 2 b for massive quasiparticles in a system of N b bands. This is particularly interesting in semimetals where the low career density opens the possibility of large variations in the career density, n. This is further enhanced in Dirac semimetals, where we have shown that the massless fermion dispersion relations lead to R KW ∝ 1/n 2 N 2 b in three dimensions. In two dimensions a similar result holds once the KWR is generalized to account for the logarithmic factor in the imaginary part of the self-energy. Furthermore, we have shown that the logarithmic factor in the imaginary part of the self-energy leads to an increase in the KWR, which may provide an experimental signature of this factor in the self energy.
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I. SCATTERING AND THE SELF-ENERGY IN ARBITRARY BANDSTRUCTURES SYSTEMS
We wish to determine the form of the self-energy in arbitrary bandstructures and the effect of multiple Fermi surfaces on the self-energy and Green's function. The elements of the dressed N b × N b Green's function matrix are then defined by the matrix form of Dyson's equation [1] and we have (here and below, we use the convention b = a to distinguish intraband and interband contributions)
The inverse can be calculated using the adjugate matrix [2, 3] a,b (ω) and higher. So, with minimal interband scattering, the intraband Green's function elements will be dominated by the intraband selfenergy contributions, and the individual bands will reduce to separable channels. We consider in detail the two-band case below, to give an indication of how this separability arises. [4] A. The Two-Band Case
The inverse of the two-band Green's function matrix has the simple representation
where [G a,a (ω)] −1 − Σ 1,2 (ω) Σ 2,1 (ω) .
The intraband elements of the dressed Green's function matrix are then given by
and the interband elements by 
The interband self-energy elements appear here as corrections to the single-band form of the intraband Green's function elements, G a,a (ω). In the limit of small interband scattering, these corrections become negligible, being of order O |Σ 1,2 (ω)| 2 . As the interband elements of the self-energy approach zero, so do the G a,b (ω) elements, as interband propagation occurs only in the presence of interband scattering. Therefore, in the limit of vanishing interband scattering, the dressed Green's function matrix is diagonal (i.e. intraband only),
G a,a (ω) = G a (ω) ,
G a,b (ω) = 0.
For the case of a two-band material, we concentrate here on the intraband (diagonal) terms G a,a (ω) (Eq. (8)), taking the low energy limit [1] , as the interband terms do not arise in the Kubo formula for conductivity (see below). In the more general case, for small interband scattering similar arguments to those above hold and the individual bands are separable, with the intraband spectral density functions reducing to their individual single-band forms. For the intraband elements in the two-band system, the spectral densities are If we again take the low energy limit, we obtain the expressions for the spectral density function 
